Abstract-Human-machine collaborative manufacturing systems consist of human operators and automated machines. They cooperate with each other to accomplish complex tasks that are difficult for either the human or machine alone. This letter considers an optimal task-allocation problem for human-machine collaborative manufacturing systems, where various tasks are dispatched to human operators and automated machines to achieve optimal joint human-system performance. Designing such optimal task allocation is challenging because of the stochastic hybrid feature of manufacturing processes, as well as varying human performance caused by physical fatigue. To address this challenge, we first model human fatigue as a continuous-time Markov decision process, which is capable of capturing stochastic uncertainties on fatigue dynamics under different task assignments. A novel controlled stochastic petri net is then proposed to model the manufacturing process, in which both time-and event-driven dynamics can be regulated by task allocation between the human and machine. Under mild assumptions, we show that the optimal task-allocation problem under the proposed human manufacturing framework can be solved by linear programming. Simulation results of a four-part assembly process are used to verify our theoretical findings.
I. INTRODUCTION
H UMAN-MACHINE collaboration has emerged as a very active and important research field that has found great success in many safety-critical applications, such as modern manufacturing automation [1] , human robotic systems [2] , aviation systems [3] and process control systems [4] . In the process of human-machine collaboration, the human cooperatively works with machines to accomplish a common complex mission. The value of a cooperative collaboration between human operators and machines is to effectively combine the strengths of both the human and machine. This is particularly true in modern manufacturing processes where complex tasks are very difficult to be accomplished by either the human or machine alone. Specifically, humans have unique cognitive and reasoning capability to handle tasks of high flexibility, such as assembling products with a variety of shapes, inertial and texture; whereas machines can complement humans in tasks that require strong force, long working hours, fast speed, and high precision. Thus, the first step to achieve effective human-machine collaboration is to ensure efficient task allocation between the human and machine. However, it is very challenging to apply traditional task-allocation techniques (e.g., [5] ) to situations involving humans, because these techniques are not designed to accommodate the human physical and cognitive limits, as well as the extensive uncertainties introduced by humans.
To ensure quality performance for human-machine manufacturing systems, the task-allocation policy must consider the interaction between the human and machine. A great deal of research efforts have been devoted to investigating humanmachine interaction, with the goal that a certain aspect of desired system performance, such as safety [6] , [7] , robustness [8] and efficiency [9] - [11] can be achieved. The safety issue in humanrobot interaction, is often addressed on the physical level by developing adaptive strategies that can actively sense and react to human motion [6] , [7] . By treating the human as a part of the environmental dynamics, the stability of robotic systems with human in the loop is analyzed as a robust stability problem [8] .
Besides safety studies on physical human-robot interaction, many optimization-based frameworks, such as game theory [9] , [10] and adaptive optimal control [11] , have been proposed to improve the performance of human-machine collaboration in complex manufacturing processes by designing flexible optimal task scheduling policies that are adaptable to dynamic changes in human behaviors. In addition, prior research has investigated how human factors, such as trust [12] , [13] , fatigue [14] , and stress [15] , to name a few, affect the performance of humanmachine interaction in manufacturing systems. Studies such as [16] have shown that a variety of human-machine systems may fail to function properly or even exhibit catastrophic failure if the impact of human factors are not appropriately considered in system design.
Among many human factors that affect system performance, human fatigue has been recognized as a paramount cognitive and physical state that develops over time and significantly impacts the performance of human-machine collaboration in manufacturing systems [14] , [17] . Research in [17] , [18] showed that human fatigue level varies dynamically as a function of workload and working time. With increasing fatigue level, performance of human operators in completing tasks degraded dramatically, thereby causing severe safety issues [15] . To ensure 2377-3766 © 2017 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
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safety as well as quality performance for human-machine systems, the task-allocation strategy must take into account the effect of human fatigue on assigned tasks. Early works [17] - [19] showed that the dynamics of human fatigue can be modeled by a set of linear or nonlinear differential equations in laboratory settings. These deterministic fatigue models, however, are unable to capture stochastic uncertainties caused by noisy fatigue measurement [20] , individual differences [21] and dynamic environment [14] , which exist in most real world applications. Thus, discrete Markov-based models, such as dynamic Bayesian network [22] and parametric hidden Markov model [23] , have been recently developed to characterize the stochastic transition between different fatigue levels. Moreover, the empirical results in [23] showed that the probability of staying at one fatigue level exponentially decays as a function of the working time. This observation motivated this letter to model human fatigue as a continuous-time Markov decision process (CTMDP).
With the proposed human fatigue model, the main contributions of this letter are two-fold. First, we propose a novel controlled stochastic petri net framework to model manufacturing processes with both stochastic time-and event-driven dynamics [24] . The proposed stochastic hybrid framework allows to explicitly model the impact of human fatigue on the dynamics of manufacturing processes. Under mild assumptions, this letter shows that the controlled stochastic petri net can be equivalently transformed to a CTMDP [24] , [25] . Secondly, by a cascaded composition of human fatigue model and manufacturing process model, this letter further shows that the optimal task-allocation policy that minimizes an average joint cost for human and process can be obtained by solving a linear program. Table I provides a list of important symbols as well as their meanings used in this letter. The rest of the letter is organized as follows. Section II starts with the introduction of a fourpart assembly process as a motivating example, followed by the formal definition of CTMDP and controlled stochastic petri net frameworks for human fatigue and manufacturing processes, respectively. Section II ends with the task-allocation problem formulation. Section III presents the main results of this letter. Section IV provides the simulation results, and finally Section V concludes the letter.
II. SYSTEM FRAMEWORK AND PROBLEM FORMULATION

A. A Motivating Example
This motivating example considers a scenario in assembly processes, in which defective products caused by assembly failures can be re-assembled by either the machine or the human operator. In practice, human operators are more likely to succeed in fixing the defective products than machines due to humans' high flexibility and strong adaptivity in handling unstructured products [26] . However, by performing the re-assembly task, the humans' physical fatigue level increases, which will inevitably compromises human performance in completing the same task in the future. Besides the physical limits, multiple assembly failures may occur concurrently, which also imposes physical constraints on humans' capabilities to handle multiple tasks simultaneously. With such physical constraints, the problem of interest is how to allocate tasks between human operators and automated machines so that both human and process performance can be optimized while still respecting the physical constraints on human operators. Fig. 1 shows a four-part assembly process modeled by a Stochastic Petri Net (SPN) [24] . The SPN in Fig. 1 consists of four components: tokens (black dots), places (blue circles), arcs (directed black arrows) and transitions (black bars). The places P i , i = 1, 2, 3, 4, represent four raw parts of the product, while m j , j = 1, 2, are the intermediate products that are produced by assembling parts P i , i = 1, 2, and P j , j = 3, 4, respectively. m 3 is the place representing the final product. The three places d 1 , d 2 and d 3 are introduced to represent the defective products caused by assembly failure. Each transition T i , ∀i = [1, 7] , in the SPN is used to model a particular assembly task that may take a random period of time to be completed. A transition is enabled if all the places with directed arrows pointing to the transition are occupied by tokens, and a transition is fired if the associated time clock runs down to zero. After a transition is fired, the tokens in the input places are released and moved to one of the output places according to a probability distribution. For instance, when transition T 1 is fired, the tokens that are originally in places P 1 and P 2 are released and placed in either place d 1 with probability μ 1 or in place m 1 with probability 1 − μ 1 .
Among all the transitions in Fig. 1 , transitions T 2 , T 4 and T 6 represent re-assembly processes where the defective products are disassembled and reassembled by either machines or human operators. These transitions can be controlled in the sense that the probability of producing defective products can be adjusted by choosing machines or human operators to perform the tasks, i.e., the values of transition probabilities p i , i = 1, 2, 3, depend on the task allocation policy made at transitions T 2 , T 4 and T 6 . Thus, the task allocation policy affects both process and human performance (human fatigue) in the assembly example. Fig. 2 presents a task-allocation framework for humanmachine collaborative manufacturing systems. The design of task allocation policy can be viewed as a controller design problem where a cascaded system consisting of human fatigue and manufacturing process is controlled by a binary action a ∈ {0, 1}. The signal a = 1 means that the task is assigned to human operators, while a = 0 means that the machine performs the task. This letter starts with presenting stochastic hybrid models for both the human fatigue and manufacturing processes.
B. Stochastic Human Fatigue Model
In manufacturing systems, human operators are subject to their physical limits, which are often determined by the real time capacity of their muscle strength as well as the ability to keep concentrated in the long term [17] , [18] . It is commonly known that human's muscle capacity and the level of concentration decreases as their operational time and workload increase, thereby causing human fatigue. The increasing human fatigue will inevitably compromise the human's performance in completing complex tasks, such as fixing defective products shown in Fig. 1 . Thus, in order to achieve effective and efficient human-machine collaboration, one needs to characterize how human fatigue level changes in response to the operation time and workload.
As demonstrated in the four-part assembly example in Fig. 1 , the operation time in each transition is often modeled as a random variable. This suggests that a stochastic model must be used to characterize dynamic variations in the fatigue level of human operators. Moreover, recent experimental results (see [23, Fig. 9] ) showed that the probability of staying at the same fatigue level exponentially decreases with increasing working time. These observations motivate this letter to In the CTMDP model, the finite set S f = {0, 1, . . . , F − 1} represents F human fatigue levels where level 0 represents the lowest fatigue and level F − 1 represents the highest fatigue.
with a i ∈ {0, 1}, ∀i corresponds to the allocation choices between either human operator or machine for a total M tasks. Specifically, a i = 1 denotes the choice of human operator to perform the i th task and a i = 0 means the choice of the automated machine for the i th task. We assume that the workload of a human operator to complete the task varies from task to task. The impact of task allocation on the evolution of human fatigue is then captured by a transition
Remark 2.2: In manufacturing settings, the CTMDP model with a finite fatigue level, such as in Fig. 3 , can be constructed through direct measurements of the Force Generating Capacity (FGC) as well as their temporal variations [20] . As in [20] , the variations on the FGC is a good and reliable indicator of the changes in human fatigue. The state set S f can be obtained by partioning and grouping the actual measurements of the FGC into a finite number of fatigue levels. Under different types of tasks (action set A), the transition rate between these fatigue levels, i.e., T f , can then be estimated by using statistical methods discussed in [27] .
C. A Controlled Stochastic Petri Net Framework
Motivated by the four-part assembly example in Fig. 1 , a Controlled Stochastic Petri Net (CSPN) is proposed to model stochastic time-and event-driven dynamics of manufacturing systems that can be regulated by task allocation between human operators and machines. The formal definition of CSPN is provided as below, Definition 2.3: A CSPN is a tuple P = (P, T, C, A, I, O, T ) where
is a finite set of places, e.g., P = (P 1 , P 2 ,
is a finite set of M timed transitions. Each timed transition represents an operation process in the manufacturing system. For example, the transition T 1 in Fig. 1 represents a process of assembling two product parts in places P 1 and P 2 .
is a finite set of clocks associated with each timed transition. Clock c i ∈ R + is a non-negative random variable characterizing the amount of time that the i th transition will take to be fired.
is an action set defined in Definition 2.1. 5) I : T → P is a function that characterizes the input places directed to a transition, e.g., I(T 1 ) = {P 1 , P 2 }. 6) O : T → P is a function that specifies the output places directed from transitions, e.g., O(
is a probability matrix with T (·|T i , a i , j) ∈ [0, 1] characterizing the probability distribution of the tokens' positions in output places when transition T i ∈ T is fired with action a i ∈ A and human fatigue level j ∈ S f . The power set 2 O represents all the possibilities of depositing tokens in the output places. For example, 2 O (T 2 ) in Fig. 1 is {∅, {d 1 }, {d 1 , m 1 }, {m 1 }} and the probability measure for each subset of 2
, when transition T 2 is fired, the tokens in its input places will always be deposited in one and only one of its output places. Remark 2.4: Two types of randomness are introduced to model stochastic variations of both continuous components (clock set C) and discrete components (distribution of tokens over the places) in manufacturing systems. The continuous random variables defined in the clock set C are used to model the stochastic uncertainties of the task time caused by unexpected factors, such as worn-out machines, dynamically changing environments or economic supply-demand [28] . The discrete random variables are used for the probability measure of discrete events, such as quality failures causing defective products at the end of task time [29] . Theses discrete events, such as quality failures, are normally associated with how difficult the tasks are for the machines or how experienced the human operators are. It is clear that these two types of random variables are distinct by their own nature [30] . Thus, this letter assumes that the discrete random variables are independent of the continous random variables, and the probability distributions of the discrete random variables can be controlled by allocating tasks to either human operator or machine.
Remark 2.5: Task allocation directly impacts the probability distribution of the tokens possession in places, i.e., the transition matrix T . The value of T depends on human fatigue levels if tasks are assigned to human operators. For instance, in Fig. 1 2 , a 2 , j) , i.e., defective products are more likely to be produced by human operators with high fatigue levels than those with low fatigue levels. Fig. 2 shows that the human-machine collaborative system under the task allocation can be viewed as a cascaded system of human fatigue being modeled by CTMDP and manufacturing process being modeled by CSPN. The performance of this cascaded system is determined by the task-allocation action a ∈ A.
Under the CSPN framework, the dynamics of manufacturing processes are often characterized by real-time changes on the token distribution over places in the petri net. Such token distribution is called a marking of the CSPN. Specif-
denote a finite set of markings representing different configurations of the tokens in the net. Each marking s i = [q 1 , q 2 , . . . , q N ] is a vector with q i ∈ Z ≥0 representing the number of tokens in place P i ∈ P . For instance, the marking s 0 = [1, 1, 1, 1, 0, 0, 0, 0, 0, 0] of the places P = (P 1 , P 2 , P 3 , P 4 Fig. 1 represents the initial configuration of the net where the four raw parts of the product are ready for assembly. Since the marking contains the information of tokens in each place, one can infer the enabled transitions at each marking state. Specifically, let T (s) ⊂ T denote a set of enabled transitions at a marking s. By the definition of probability matrix T , the transition probabilities among markings can be given as
where O s (T ) represents the output places of transition T ∈ T (s) that have the same number of tokens as represented in the marking s . For example, p(s |s, 
D. Task Allocation in Human-Manufacturing Systems
The task allocation problem is the policy design of the action a ∈ A for each task. The problem considered in this letter is to find an optimal task allocation policy π * such that an average joint-cost considering both human and process performance are minimized. The problem is formally stated as below, Problem 2.6: Consider a human manufacturing system with one human operator where human fatigue is modeled by a CTMDP and the physical process is modeled by a CSPN, find an optimal task allocation policy π * such that
where c p (s, a), c f (s f , a) ∈ R + are positive, bounded functions evaluating the operation cost at state s ∈ S and human cost at state s f ∈ S f , under action a ∈ A. μ > 0 is a positive real parameter used to adjust the weight between human and operation costs.
Remark 2.7:
The inequality (2) means that one human operator cannot simultaneously perform more than one task at specific time instants. The feasibility constraint in Fig. 1  is a 2 (t) + a 4 (t) ≤ 1, ∀s(t) = [0, 0, 0, 0, 1, 0, 1, 0 
The first inequality means that there is at most one human operator handling each task at once. The second inequality implies that each human operator can handle at most one task at once.
III. MAIN RESULTS
This section presents the main results of this letter. Firstly, this letter shows that the marking process {s(t) : t ≥ 0} generated by the CSPN is a time-homogeneous CTMDP if the random clock associated with each timed transition follows a fixed exponential distribution. Secondly, this letter shows that the feasibility constraint in Problem 2.6 can be removed by expanding the action space. Lastly, this letter shows that the cascaded human manufacturing system can be represented by a generalized tensor sum of the CTMDPs of human fatigue and manufacturing process, and the optimal task allocation to Problem 2.6 can be efficiently solved by a linear program.
Suppose that the random clock variables
defined in CSPN follow exponential distributions with positive parameter λ i > 0 and are mutually independent, the following lemma shows that the marking process generated by the CSPN is a time-homogeneous CTMDP. , (a, i) ).
Lemma 3.1 ([24]): The marking process {s(t) : t ≥ 0} is a time-homogeneous CTMDP
where (q(s, (a, i)) : s ∈ S, (a, i) ∈ A(s) × S f ) is the intensity vector given by
p(·|s, T, (a, i)) is a transition probability defined in (1) 
Proof: The proof is similar to the [24, proof of Th. 4.21], and thus omitted due to the space limitation.
The following proposition shows that the action constraint (2) in Problem 2.6 can be removed by defining the task allocation policy over an expanded action set. Proof: The proof is a result of a direct enumeration of all possible selections that satisfy the constraint (2). In particular, the expanded action set A(s) is a collection of all the possible feasible selections of actions with one human operator. To satisfy constraint (2) , one knows that the number of elements in the expanded set A(s) is equal to the number of ways to select one or zero element in A(s) to take value of one. This number is equal to |A(s)| + 1. 
. , H if H < |A(s)|. The cardinality of expanded set A(s) is
is the number of k-combinations from a set of n elements. With the results in Lemma 3.1 and Proposition 3.2, the Problem 2.6 is examined under a cascaded composition of human fatigue and manufacturing process over the expanded action space A. The following theorem shows that the cascaded composition system is a CTMDP and its transition matrix rate can be written as a generalized tensor sum of the transition matrix rates of human fatigue and manufacturing process models.
Theorem 3.5 (Human-manufacturing System):
The humanmanufacturing system with one human operator is a CT- s f |s, s f , a) ] is a transition rate matrix for the joint-states S × S f with each element T p×f (s , s f |s, s f , a) For a given CTMDP M for human-manufacturing system, consider the following linear program,
Let {x * (s, a)} s∈S ×S f ,a∈A (s) denote the optimal solutions to the linear programming (7). The following theorem shows that the optimal task allocation policies to the Problem 2.6 can be obtained by solving the linear programming in (7) . Theorem 3.6: Suppose the CTMDP M used to model the human manufacturing system is ergodic under any stationary task allocation policy, the optimal task allocation policies to Problem 2.6 are given by
0 otherwise. and {x * (s, a)} are optimal solutions to the linear programming in (7) .
Proof: The main idea of the proof is to show that the optimal solutions to the constrained optimization problem in (2) are equivalent to the optimal solutions to the unconstrained optimization problem under the expanded action set. The unconstrained optimization problem can then be solved by a linear program defined in (7) . By Proposition 3.2, we know any feasible policy under the action set A can be reconstructed by policies defined under the expanded action set A. Then, we prove that the objective function in Problem 2.6 under any policy defined over the action set (s, a) . Equation (9) implies that any feasible solutions to the original constrained optimization Problem 2.6 are equivalent to the solutions of the non-constrained optimization problem under the expanded action set. It is well established that the optimal policies to minimize the objective function defined in (9) can be obtained by solving the linear programming defined in (7) . By [25, Th. 3.23] , the optimal policy under the expanded action set is given by Pr{a|s} =
, ∀s ∈ S × S f . Then, the optimal policy over the action set A(s) in (8) can be obtained by using the condition that Pr{a|s} = a∈A (s) Pr{a|s}1 a (a). The proof is complete.
Remark 3.7:
The problem size for the linear programming problem in (7) may grow exponentially (in worst case scenarios) with respect to the number of tasks (the size of action set A) and human operators (the number of fatigue CTMDP models in the cascaded composition). Such exponential computational complexity is due to the curse of dimensionality issue that has been recognized as a challenging problem [24] , [25] . It is beyond the scope of this letter to address this challenge.
IV. SIMULATION RESULTS
Simulation results of a four-part assembly process in Fig. 1 are shown to evaluate the optimal task allocation policy proposed in Theorem 3.6. The evaluation is based on a comparison of our proposed policy against the conventional separation design method. In the separation design framework, the impact of the human fatigue on manufacturing systems is often modeled as an external disturbance, and the control policy is then obtained by assuming the worst case or the best case of the human fatigue.
The CSPN model for the four-part assembly process consist of 11 markings, which represent all possible token distributions in the petri net. In this simulation, each place can possess at most one token and the markings can thus be specified by the places with tokens. In particular, Fig. 1 are set to be 0.5. In transitions T 2 , T 4 and T 6 , the probabilities of re-assembly failure by machines are set to be 0.8, i.e., p i (a i = 0) = 0.8, i = 1, 2, 3. For one human operator, a two-state CTMDP is used to simulate the dynamics of human fatigue with two different levels, i.e., low fatigue level 0 and high fatigue level 1. The success probabilities of the re-assembly operation in transitions T 2 , T 4 and T 6 are 0.4 at the high fatigue level 1 and 0.9 at the low fatigue level. The transition probability rates T f (s f |s f , a) in the two-state CTMDP under different actions are specified as below,
where a i (j) denotes a i = j, i = 2, 4, 6 and j = 0, 1. The transition rates are selected to simulate the situations that the human fatigue level is more likely to increase if human operator is assigned to do the task, and decrease if human operator takes rest and machine performs the task.
To evaluate the process and human performance respectively, the process c p (s, a) and human c f (s f , a) costs are specified as below, 
where a 1 = (a 2 = 1, a 4 = 0), a 2 = (a 2 = 0, a 4 = 1) and a 3 = (a 2 = 0, a 4 = 0). Fig. 4 shows a profile of optimal task allocation policies obtained by Theorem 3.6. By choosing the weight parameter μ from 0 to 10, we simulate scenarios where system specifications are changed by placing different emphases on human and process costs (large μ means more weight on human cost and small μ means the opposite). The four plots in Fig. 4 show changes of optimal task allocation policies for human operator at markings s 3 , s 5 , s 6 , s 7 , s 9 , s 11 and human fatigue levels 0, 1 when the weight variable μ varies from 0 to 10. The simulation results show that the probabilities of choosing human actions will gradually decrease if the system values human costs more than process costs. This observation implies that the task-allocation policies will adapt to the changes in system specifications.
The benefit of our proposed task allocation strategy is demonstrated by comparing our results against the worst-fatigue based and the best-fatigue based design methods. Specifically, the worst-fatigue based framework generates the human-machine policy assuming that human fatigue is unchanged and remains at a high level (Level 1). The best-fatigue based framework, on the other hand, assumes that the human fatigue keeps at a low level (Level 0). These two frameworks represent the conventional ways of handling the impact of human fatigue on manufacturing systems. Fig. 5 shows the comparison of joint costs under our proposed strategy with a red dashed line, worstfatigue based strategy with a blue solid line and best-fatigue based strategy with a black solid circle line. For the whole range of μ, i.e., 0 ≤ μ ≤ 10, our proposed strategy generates much smaller joint costs than the other two strategies. Moreover, as the weight parameter μ increases, the costs increase much more slowly under our proposed strategy than under the other two strategies, implying that our proposed strategy is more robust against specification changes in manufacturing systems. 
V. CONCLUSION AND FUTURE WORK
This letter studied an optimal task-allocation problem for a class of human-machine collaborative manufacturing systems where tasks are adaptively assigned to either human operators or automated machines. To solve this problem, this letter first proposed a controlled stochastic petri net framework to (1) model the stochastic hybrid feature of manufacturing processes with time-and event-driven dynamics, (2) explicitly characterize how human fatigue impacts process dynamics. By modeling human fatigue as a CTMDP, this letter further showed that the manufacturing system, with human in the loop, can be represented by a cascaded composition of the human fatigue model and the process model. The optimal task-allocation policy under such human-manufacturing system can then be obtained by solving a linear program. Simulation results of a four-part assembly process are provided to verify our theoretical findings. The future work along this line of research includes (1) the consideration of a more general partial observable CTMDP for the human fatigue process and (2) the application of our proposed method to more realistic and large scale manufacturing systems.
